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f^*) ' We review the spinor moving frame formulations and generalized action 

principle for super-p-branes, describe in detail the superembedding ap- 
proach to superstring in general type IIB supergravity background and 
qq ' present the complete superembedding description of type IIB superstring 

in the AdS$ x S 5 superspace. 

This contribution is devoted to the memory of Wolfgang Kummer who 
untimely left us in 2007. We collaborated with him several years beginning, 
in 1996, by studying gravity induced on the worldvolume of a brane; 11 this 
■ was one of the pre-Rundall-Sundrum Brane World scenarios (see also 5 ). 

Search for its supersymmetric generalizations led us to thinking on a new 
form of Dp-brane actions 12 and to studying the super-D9-brane dynamics. 2 
This line was then continued by attacking the problem of supersymmetric 
Lagrangian description of the interacting superbrane systems 13 which, in 
my opinion, still remains open as far as the commonly accepted candidate 
action for coincident Dp-branes 50 does not possess neither supersymmetry 
nor Lorentz symmetry. 

Among the main tools in our studies were embedding and superem- 
bedding approaches to bosonic and supersymmetric branes. This is why I 
decided to chose for my contribution the present manuscript containing a 
review of the superembedding approach and its specific application for the 



(N 



> 

X 



1 igor_bandos@ehu.es, bandos@ific.uv.es 



1 



April 30, 2009 20:12 World Scientific Review Volume - 9in x 6in WKummeVolume-lgorBandos-contit>LitionV3 



2 Igor A. Bandos 

case of superstring in AdS§ x S 5 superspace (see 47,48 for Green-Schwarz 
superstring action in this superspace). 

Notice that superstring in AdS§ x S 5 superspace is often called AdS$ x S 5 
superstring (see 3 and refs therein). However, in our opinion, this name 
might produce an erroneous impression that the model is essentially differ- 
ent from the Green-Schwarz (GS) superstring. Such a confusion might be 
further enlarged by an accent which is made in the literature on the fact 
that AdS§ x S 5 superspace (the superspace with bosonic body AdS$ x S 5 ) 
is a coset of SU(2, 2|4) supergroup. Although important, this does not 
change the fact that this 'AdSs x S 5 superstring' is just a particular case of 
the GS superstring in a curved superspace 37 . So is its type IIA counterpart, 
'AdSi x CP 3 superstring', which attracted recently much attention, but is 
not a model on a coset of supergroup, just because the type IIA supergrav- 
ity superspace with the bosonic body AdS± x CP 3 is not a coset. 35 

Thus we prefer to formulate our problem as superembcdding description 
of the GS superstring model in AdS§ x S 5 superspace. On one hand, this 
formalism can be applied to study the N=16 two dimensional supergravity 
induced on the worldsheet superspace of the superstring moving in AdS 
superspace. And, in this respect, it is proper for the present volume because 
two dimensional gravity and supergravity model were always in the center 
of Wolfgang's interests, see e.g. 22 ' 38 ' 44 

On the other hand, the results of this manuscript can be useful in further 
study of classical and quantum AdS$ x S 5 superstring, which is of current 
interest for the applications of AdS/CFT correspondence a . 

1. Introduction 

The standard GS superstring action 36 is based on embedding of a bosonic 
surface W 2 in the target superspace S^l") (D = 3,4,6, 10, n = 2(D - 2) 
for heterotic and type I and n = 4(D — 2) for type II superstrings). This 
embedding is described by the bosonic and fermionic coordinate functions 

WP +i g E (u|n) . z M {£) = (if (o , , ^?; 1 :;; n ' ( ; Z3 " 1) ' (i) 

where p=l and £ m = (r, a) are local coordinates on W 2 . The more 
'ancient' Ramond-Neveu-Schwarz (RNS) or spinning string, which be- 
comes equivalent to the GS sigma model on the quantum level and after 



a See, for instance, 21,27 where the AdS§ X S 5 superstring was used to reveal the mysterious 
dual supcrconformal symmetry of the N=4 SYM amplitudes. 
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imposing the so-called GSO projection (see, however, 58,63 and more re- 
cent 59 ), corresponds to an embedding of the worldsheet superspace W^( 2 I 1+1 ) 
into the spacetime M D = S^l ', described by D bosonic superfields 
X—(£, r], fj) = x—(£) + irj%p—(^) + ifjip—(£) + . . . depending on two bosonic 
(£ m ) and complex fermionic coordinate rj (or real fermionic coordinate in 
the case of heterotic string) . There are some known obstacles for extending 
such a description to supermembrane and other branes. 25,43 

Following, 57 the superembedding approach, developed in 16 for 10D su- 
perstrings and 11D supermembrane, and applied in the first studies of dy- 
namics of Dirichlet p-branes (Dp-branes) and M-theory 5-brane (M5-brane) 
in seminal papers 41 and, 42 describes strings and branes by embedding of a 
worldvolume superspace 

w (p+i\n/2) mtQ the target 

superspace 

Let us denote the d = p + 1 < D local bosonic coordinates and n/2 
fermionic coordinates of iy(p +1 l™/ 2 ) by Q M — (C n ,V^)- Then the embedding 
of VF(p +1 I™/ 2 ) into the tangent superspace E^l") with coordinates Z M — 
6 a ) can be described parametrically by specifying the set of coordinate 
super-functions, the worldvolume superfields Z M (() = Z M ' (£ m ,rf) 

w {p+l\n/2) e S (D|„) . Z M = %M{Q = (x»(£,r)) , 8 & (£, V ) ) . (2) 

Here, \i = 0, 1, . . . , (D — 1), a = 1, . . . n, m = 0, 1, . . . ,p and q = 1, . . . , ^. 
Notice that the number of fermionic 'directions' 77^ of the worldvolume 
superspace are usually chosen to be one-half of the number of fermionic 
dimensions of the target superspace . b This is proper to replace all the k- 
symmetries 31,36 ' 54 of the standard, Dirac-Nambu-Goto type super-p-brane 
actions, 241 by the local worldvolume supcrsymmetry c , thus realizing the 
idea developed for D=3,4 superparticle in 57 d . 

1.1. Superembedding equation 

For all presently known superbranes the embedding (2) of their maximal 
worldvolume superspace TT / (P+ 1 lt) into the target superspace X^l") obeys 

b For Af = 1 n = 5? is the number of values of the minimal D— dimensional spinor index; 
for D 5^ 2 (mod 8) this is n = 2^ D / 2 \ where is [D/2] is the integer part of D/2; and for 
D = 2 (mod 8) it is n = 2l- D / 2 1~ 1 . 

c Under the standard super-p-branes we mean supcrsymmctric extended objects the 
ground state of which are 1/2 BPS states, i.e. preserve 1/2 of the tangent space su- 
persymmetry reflected by n/2 parametric K-symmetry of their worldvolume actions. 
See 14 as well as 7,9,65 for the actions in enlarged (tensorial) superspaces with additional 
tensorial coordinates (see 14,30,60 and refs therein) describing the excitations of fc/32 BPS 
states, including the k = 31 models possessing the properties of BPS preons. 8 
d See 58 , 49 and refs. therein for formulations of superbranes in the worldvolume super- 
spaces with less than n/2 fermionic 'directions'. 
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the superembedding equation. For D=3,4 superparticle this was obtained 
in 57 by varying a superficld action (called STV action in ninties). To write 
its most general and universal form for a super-p-brane in D-dimensional 
supergravity background, let us denote the supervielbcin of the worldvol- 
ume superspace VF(p +1 I 16 ) by 

e A = d( M e M A (() = (e a ,ei), o = 0, 1, . . . ,p , q = 1, . . . , n/2 , (3) 

and decompose the pull-back E A := E A (Z) = dZ M E M A (Z) of the su- 
pervielbcin of the target superspace, E A = dZ M E M A {Z) = (E-, E a ) 
(a = 0, 1, . . . (D — 1), a = 1, . . . , n), on the basis of (3). In general, such a 
decomposition reads 

E A := E A (Z) = dZ M Em~(Z) = e b E A + e g E A , (4) 

where E A := e^d M Z M E M A (Z) and E A := e^d M Z M E M A (Z) are, re- 
spectively, bosonic and fermionic components of the pull-back the super- 
vielbein form. The superembedding equations states that the fermionic 
component of the pull-back of the bosonic supcrviclbein form vanishes, 



Ei:=V g Z M E*(Z)=0 , V q :=e^(Od M . (5) 



For higher dimensional superbranes of sufficiently large co-dimensions 
the superembedding equation contains equations of motion among their 
consequences. This was shown for M2-brane and D=10 type II superstring 
in, 16 for M5-brane in 42 and for Dp-branes with p < 5 in 41 (the 'bound- 
ary' P < 5 was established in 28 ). Hence, in these cases, the description of 
the classical super-p-brane dynamics by this equation is complete. More- 
over, if several types of D- dimensional p-branes exist, the superembedding 
equation provides their universal description (see 6 for such a universal de- 
scription of fundamental type IIB superstring and Dl-brane and 23 for the 
SL(2) covariant formulation providing a unified descriptions of all the ac- 
tions of p-branes related to the Dp-brane by SL(2) transformations). 

On the other hand, this on-shcll nature of the superembedding equation 
prevents from the constructing the complete worldvolume superficld action 
of the STV type (see 57 and 56 for the review and further references). A 
universal although non-standard Lagrangian framework for the superem- 
bedding approach is provided by the generalized action principle, proposed 
in 18 for superstrings and D = 11 supermembrane and in 17 for the case of 
super-Dp-branes. This produces the superembedding equation in its equiv- 
alent form 

E\Q ■■= dZ M (() E M b -(Z(C)) V(C) = , (6) 
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where u b % arc (D — p — 1) vectors orthogonal to the worldsheet superspace. 
These moving frame variables or Lorentz harmonics (vector harmonics) will 
be the subject of the next section. 

2. Spinor moving frame formulation and generalized action 
principle for super-p-branes 

2.1. Vector harmonics as moving frame adapted to (su- 
per) embedding 

The standard formulations of superstring, 36 M2-brane (supermembrane) 24 
and super-p-branes 1 is based on embedding (1) of the bosonic worldvolumc 
W p+1 into the tangent superspace 

If the worldvolume W p+1 is flat, one always can chose a special Lorentz 
frame with p + 1 vectors being tangential and the remaining D — p — 1 
vectors - orthogonal to W p+1 . In general this also can be done, but locally. 
It is convenient to use the dual language of the differential forms and to 
consider the pull-back 

&*■ := E±(Z) = dZ M (i)E M HZ) = d£ m d m Z M Em~{Z) =: d£ m E£ (7) 

of the bosonic supervielbein of the target superspace E- :— dZ M Em-(Z) 
to the worldvolume W p+1 with local coordinates £ m , m = 0, 1, . . . , p. Only 
(p + 1) of the D one-forms E- may be independent on W p+1 . This is 
tantamount to saying that there exist (D —p — 1) linear combinations of E— 
that vanish on W p+1 . We can express the above statement by the following 
embedding equation 

E i (d):=E b -u i i (0 = 0, i = l,...,(D-p-l) , (8) 

where u b l (£) are some coefficient dependent on the point of W p+1 . They 
define (D — p — 1) vectors which are linear independent and orthogonal 
to the worldvolume W p+1 . Thus one may chose them orthogonal one to 
another and normalized (on —1 as the vectors are spacelike and we are 
working with 'mostly minus' metric conventions) 

u ~ u l = -S' 1 ■ (9) 

One can complete the set of the (D—p—1) vectors u* orthogonal to the 
worldvolume by the set of the (p+1) vectors w a b tangential to W p+1 (also 
orthogonal among themselves and normalized). Then the D x D moving 
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frame matrix constructed from u a b and obeys Ur/lf = r], 



u ca u b = ^ab 



u± a ul = , (10) 
v™uj = -5 ij , 



u «n = so(i,p-i) 

l u a' u a/ SO(l.p)<8>SO(D-v-l)' { ' 



by construction, and, hence, belongs to the fundamental representation of 
the Lorentz group SO(l, D — 1), 

U P--= (if) e SO(l,D-l). (11) 

The splitting of the D x D matrix U on the Dx (p+1) and Dx (D— p— 1) 
blocks (11) is invariant under the (right multiplication by the matrix from 
the) S , 0(l,p)(g)5'0(D-p-l) subgroup of the Lorentz group SO(l,D-l). 
In the Lorentz harmonic approach of 19 ' 20 e this gauge invariance is usually 
considered as an identification relation on the set of moving frame variables 
making possible to consider them as 'homogeneous' coordinate for the coset 

SO(l,D- 1) 
SO(l,p) ® SO(D - p-l) 
This was the reason to call these moving frame variables Lorentz harmon- 
ics,^ 1 ® following the spirit of 34 where the notion of harmonic variables was 
introduced to construct the unconstrained superfield formulation of the 
TV = 2 supersymmetric theories. 

Reordering the line of arguments one can start from (12) and notice 
that 5*0(1,0— 1) group valued moving frame matrix U (11) can be used to 
define, starting from another vielbein attached to the worldvolumc, 

. = Ekrjisd = . (£» _ ( 13 ) 

This vielbein is adapted to the embedding of W p+1 into the D-dimensional 
spacetime if the pull-back of D — p — 1 'orthogonal' forms 

E l := £X (14) 

vanishes, i.e. if embedding equation (8) is valid. The (p + 1) 'tangential' 
forms E a defined with the use of the 'parallel' vector harmonics u b a 

E a := E^ul (15) 
can be used as a vielbein on W p+1 ; 

e a = E a := EKl . (16) 



e See, 55 , 52 , 45 , 64 , 4 32 and 33 for earlier works. 
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One says that this vielbein is induced by the embedding. 

Now one sees that the superembedding equation (6) is just the straight- 
forward supersymmetric generalization of the above embedding equation 
(8). However, in contrast to (8), the superembedding equation cannot be 
derived by imposing a conventional orientation conditions, and in this sense 
is nontrivial. 

2.2. Action of the moving frame formulation 

This is the induced vielbein (16) which can be understood as a square root 
from the induced metric 

9mn(0 = E^E n a (17) 

provided the embedding equation (8) holds, 

E l = =► g mn {£) = E^E n a = E a m E n a = e r a n e n a . (18) 

As a result, the invariant volume element on W p+1 , this is to say the 
Nambu-Goto term for a (super)-p-brane, 

S^ G := J := J dP +1 ^\det(E^E n a)\ . (19) 

can be equivalently presented in terms of e a := E a forms, J WP+ i E^ p+1 \ 

E i =0 ^ dP+ l £,^/\g~\ := £ *o...a p E a ° A AE a ? = £ A(p+1) 
svm (p+1)! 

Now, if one uses _E a (p+ 1 ) instead of the Nambu-Goto term (20) in the 
standard super-p-brane action, 1 

gstandard = gN-G + gWZ ._ J _ p J Bp+l , (21) 

one arrives at the so-called moving frame or Lorentz harmonic action 
S p = S L p H + S™ Z := J E^+V-p J B p+1 

= J j^ Y ySao...a p E a °A...AE a >--p J B p+1 , (22) 

where E a = Efi-u a hl Eq. (15) and vjfo are (p+1) orthonormal Z?-vectors, 
u^ a u b b = f] ab (see (10)). These are the auxiliary variable entering the action 
without derivatives. The last term of the standard action, — p J B p+ i, which 
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remains in the same form in the spinor moving frame formulation, is the 
so-called Wess-Zumino (WZ) term. It is given by the integral of the pull- 
back the worldvolume W p+1 of the gauge (p+ l)-superform B p+1 restricted 
by the superspace constraints imposed on its (super)field strength 

H p+2 = dB p+1 =oc f <g A E a A E@ + Q{E^+i) ) , (23) 

rS^^A.-.A^r^^. (24) 

The relation between coefficient for the first term in the r.h.s. of (23) 
(replaced by oc symbol in our schematic consideration) and the coefficient 
in front of the WZ term in the action is fixed by the requirement of n- 
symmetry. 

As it has been noticed above, on the surface of embedding equation (8) 
the moving frame action (22) coincides with the standard one, Eq.(21), 

C I ostandard (OK\ 

D P\ &=0 ~~ D P ' V °) 

The proof of the classical equivalence will then be completed by showing 
that the embedding equation follows from the moving frame action (22). 

This is indeed the case, the embedding equation appears as a result of 
varying the auxiliary moving frame variables in the action (22), 

S tu S p = & := E^hiJ = . (26) 

As the harmonics are constrained variables, the variation in Eq. (26) re- 
quires some comments. 

2.2.1. Variations and derivatives of the harmonic variables 

Both the spaces of the variations Su of certain variables u and of the deriva- 
tives du of such variables can be identified with the elements of the fiber 
of the tangent bundle over the space of this variables, i.e. with elements 
of the linear space tangent to the space of the u variables. In the case of 
Lorentz harmonics the variables u are elements of the Lorentz group valued 
matrix U, Eq. (11) (see also (10)). The space tangent to the Lorentz group 
is isomorphic to the Lie algebra spanned by antisymmetric Dx D matrices. 
This well known fact can be expressed by 

dul = + , 

dui = -uiW i +Uabtt bi 
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which is just an equivalent representation of the definition of the Cartan 
forms U~ 1 dU for the Lorentz group in which U^ 1 = r)U T r], 



As far as the harmonics are treated as homogeneous coordinates of the 
coset so(i S p)®so(D- P -i) ' the Cartan forms M ab = -n ba = u^ a du b and 
Q l i — — := u- l duj have the properties of the connection under the 
SO(l,p) and 50(D— p— 1) local gauge symmetries while the set of one- 
forms Vl at = u- a du* provide the viclbcin for the coset so(i S p°(^so(p-p-i) • 

One should notice that, in general, the transformation of 50(1, p) and 
50(D— p— 1) symmetries are local on the coset space itself; however, when 
harmonics are used to describe a p-brane, U = U(£), this local 50(1, p) <S> 
50(D— p— 1) symmetry of Lorentz harmonic space (or superspace) gives rise 
to the worldvolume local gauge symmetries with ^-dependent parameters. 

The same line of reasoning can be applied to the variations of the Lorentz 
harmonic variables in some action functional. Formally, the corresponding 
equation can be derived by using the Lie derivative C$ := i§d+di$ where the 
second terms will give zero contributions for a zero-forms so that 8u = i$du. 
Applying this simple equation to (27) one finds 



where i s n^)(k) = = {i s n ab , i s Slv , i s fl a i} are parameters of in- 

dependent variations which can be identified with the is contractions of the 
Cartan forms (hence the notation). Clearly isfl ab = —i$Vl ba parametrize 
the worldsheet Lorenz group 50(l,p), i s n ab = -i s n ba parametrize the 
transformations of the structure group 50(D— p— 1) of the normal bun- 
dle and isil bl provides a basis for independent variations of the coset 

SO{l,D-l) 
SO(l,p)®SO(D-p-l) ■ 

2.2.2. Lorentz harmonics and generalized Cartan forms for super- 
brane in curved (super) space 




(28) 





(29) 



In the curved superspace one has to consider the local Lorentz SO (1,D— 1) 
symmetry and the Cartan forms as defined in (28) or (27) are not covariant. 
Their covariant counterparts are defined with the use of Lorentz covariant 
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derivatives (d + w) , so that 

j Dul := dul + u^u>c- - Ua c n c b = tiffi 1 , 
[Dul := dul + u^w&a + u[Q.^ = , 
or 

0(a)(6) . = U c(a)^ d + ^f/]® ^ 

' r2 ah = U £ a [(d + w)u] b = Q 0ab + (uwu) ab , (a) 
fi« := + w)u][ = n 0i > + {uwu) 13 , (b) , (31) 

ft« := u^ a [(d + = Q 0ai + {uwu) al , (c) 

where w = dZ M WM b~(Z) is the pull-back of the tangent superspace spin 
connection Wb_- = dZ M w M b-(Z) and fl° ai , ft 011 , Q a ai are the Cartan 
forms as defined in Eqs. (28). Then D in (30) is the derivative covariant 
both with respect to the local Lorentz SO(l,D — 1) transformations and 
worldsheet gauge symmetry SO(l,p) <8> SO(D — p — 1). This implies that 

DE a := dE a - E b A fl b a = f % a + E l A Q ai , (32) 

where Q al is the generalized Cartan form (31c) and T- is the pull-back of 
the superspace torsion T- = DE- = dE- — E- A Wb~- This is restricted by 
supergravity constraints 

T- = DE 2 - := dE 2 - — E- A w k ~ = -iE a A E f3 Y^ p (33) 

With this in mind one can further specify Eq. (32) 

DE a = -iE a A E^f a a[j + E l A Vl ai , f a := 1^ Ub a ■ (34) 

Using the formal is symbol of the previous subsection [extending its 
definition by i s dZ M := SZ M and i s (fl q A fl p ) = fl q A i s Q p + (-) p i s fl q A fl p 
for any q- and p-forms Sl q and Q p ] one can write the arbitrary variation of 
the 'tangential' supcrvielbein E a (modulo the SO(l,p) symmetry transfor- 
mations) in the form 

5E a = D(i s E a ) - 2iE a f a a[j i s E f:) + E l i s il ai - Q, ai i s E l , (35) 

where is£l at are basic variation of the harmonic variables, Eq. (29), corre- 
sponding to the coset so(i S p°®so(D- P -i) and 

i s E a = SZ M E M C -(Z) (0 , = 6Z M E£ (Z) «„< (0 , (36) 

i 5 E a = 8Z M E«(Z) . (37) 

These provide the covariant basis for the variations of the bosonic and 
fcrmionic coordinate functions SZ M . 
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2.2.3. Equations of motion of the moving frame action 

In the above notation general variation of the action with respect to the 
coordinate functions and harmonic variables, 

SS P = J [Ea P A 5E a — p5B p+ {\ (38) 

(with E£ p := jje aai ... ap E ai A ... A E a "), can be written as 

SS p = J E£ p A [Di s E a + i s f a + E l i 5 fl ai - n al i s E l ] -p J i s H p+2 . (39) 

Using (33), (23) and the identity E~ ai A. . ./\E a "t ai ... a t a =oc E£ p T with 

f := . . .f p = e ao ... ap u£> . ..u h y b -o-K (40) 

obeying IT = /, trT = 0, one finds f 

5S p = -2i J E^p AEP[t a (I -t)]p a i 5 E a (Z)+ j ^A^ijfi"- 

- j (E£p An al +pu^iaH p+2 )i s E l +0(i s E a ) (41) 

WP+ 1 

The second term in (41) contains the basic variations of the harmonic vari- 
ables and is used to obtain the embedding equation (8). The third term 
produces the bosonic equations of motion of the p-brane in the form 

n a al =oc e ai "' ap+1 #ai...a p+ i i + fermion contributions , (42) 

which generalizes the minimal surface equation Q a at = for the case 
of nonvanishing background flux (see sec. 3.3.4 for more details in p=l 
case). Finally the first term in (41) contains the fermionic variation 
isE a := SZ M Eu a {Z) and produces the fermionic equation for super-p- 
brane 

* p+1 a (Z) := E^ A E^[f a (I - t)] Pa = . (43) 

f We do not write explicitly the terms proportional to the 'tangential' bosonic varia- 
tions isE a , denoting them in (41) by 0(isE a ), as they do not produce any indepen- 
dent equation. This statement manifests a Nocther identity which corresponds to the 
rcparametrization gauge symmetry, i.e. the worldvolumc diffeomorphism invariancc. 
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2.3. Irreducible K-symmetry. Spinor harmonics enter the 
game 

The presence of the projector (J — T) makes half of the fermionic equations 
(43) to be satisfied identically, 

% +1 (Z)(I + t)=0. (44) 

Eq. (44) is the Noether identity reflecting a fermionic gauge symmetry of 
the action (22), the K-symmetry with the basic variations 

i K E^:=8 K Z M (i)E M ±{Z{e))=0, 

i K E a := 5 K Z M (i)E M a {Z{i)) = {I + t) a Ke(O . (45) 

These are formally the same as the ones for the infinitely reducible k- 
symmetry of the standard action (21). However, the presence of additional 
variables makes the K-symmetry of the action (22) irreducible in contradis- 
tinction to the K-symmetry of the original action (21). 

To see this one should notice that, allowing for additional variables, 
one can factorize the K-symmetry projector. Within the Lorenz harmonic 
approach such a factorization reads 

(/<;, t ) a p = 2vfi v & f , (I + , t) a p = H q v ^ > ( 46 ) 

where a, a are indices of the spinor representations of 50(1, p) (the same 
or different depending on the values of D and p) and q, q are indices of the 
(same or different) representations of SO(D — p — 1) and 

V^:={yf,vf) e Spin(l,D-l) (47) 

is the Spin(l,D — l)-valued matrix of the spinor moving frame variables 
or spinor harmonics. These variables are, the 'square root' of the vector 
harmonics (11), (10) in the sense of that the following constraints hold 

[vrv T = rhib l 

Eqs. (48) express the well known fact of that the gamma-matrices are 
Lorentz invariant. An equivalent form of these constraints is given by 

(y-lffay-l = T (k) U{k) a = T b Ub a _ p^a ^ ^ 

where V^ 1 := Vt a f- is the matrix inverse to (47), 

v M « =- (»,/ , »4) = = C - ( S 'T' J J? ) ■ <»> 
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The spinor moving frame variables are also called spinorial harmon- 
ics because they provide the homogeneous coordinates for the coset of 
Spin(l, D — 1) group doubly covering the coset of Eq. (12), 

{Vi a) } ■■= {(v? , vf)} = Spm{1 J ) ® Spm{D _ p _ 1) ■ ( 51 ) 

Now, using the factorization (46) one can write the At-symmetry trans- 
formations (45) in the irreducible form 

i K E a := S K Z M E^(Z) = 2v aq a ^ , (52) 

where the irreducible K-symmetry parameter is 

n & i := vp^iO . (53) 

2.4. Spinor moving frame formulation of super-p-branes 

The spinor moving frame formulation of super-p-brane is described by the 
moving frame action (22), 

S p = J E^+V-p J B p+1 , (54) 

in which the vector Lorentz harmonics (moving frame variables), en- 
tering the definition of E a in E A{ P +r > := j^ T y e aa ... ap E a ° A ... A E ap , are 
composites of spinor harmonics as defined by the gamma-trace parts of the 
constraints (48), 

E a := E b -ut , u k a = Hr{f k VT a V T ) , (55) 

where n the number of values of (minimal) D-dimensional spinor indices, 
n = S a a (see footnote b). This composite nature does not change the vari- 
ation of vector harmonics, which are expressed through the Cartan forms 
as in (29). This is the case because the variation of spinorial harmonics are 
expressed through the same Cartan forms, 

v-'sv = l* tf nfe)® r { . m ee ^(u-'su)^ r^ m . (56) 

This reflects the fact that locally the spinorial harmonics carry the same 
D(D — l)/2 degrees of freedom as the vector ones, which is tantamount 
to stating that the groups Spin(l,D — 1) and 5*0(1,1? — 1) are locally 
isomorphic. In this sense moving frame action can always be considered as 
spinor moving frame action. 
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2.5. Generalized action principle 

Generalized action principle for supcrbranes 18 gives an extended object 
counterpart of the rheonomic approach to supcrgravity. 29,51 It can be ob- 
tained from the spinor moving frame action by the following two steps. 

First one replaces all the worldvolume fields dependent on W^ pJr1 ^ local 
coordinates £ m by superfields, depending on the local bosonic and fcrmionic 
coordinates, £ m and r] q , of the worldvolume superspace W^ p+1 ^ n ^ 2 \ 

z M {0^z M {^), v(0^v(tv) =► «6°(0-«6°K,»?). (57) 

Secondly, one replaces the integral over worldvolume W^ p+1 ^ by integral 
over a surface WA p+1 ) of maximal bosonic dimension in the worldvolume 
superspace. Its embedding into V^^ 1 !™/ 2 ) can be described by fermionic 
coordinate functions r) q (l;), which provide the counterparts of the Volkov- 
Akulov Goldstone fermions (these would be a (x) in our notation), 61 ' 62 

W i:p+1) e W ip+1[n/2) : rf = fj q {S) . (58) 

This is tantamount to saying that the generalized action is given by Eq. 
(54) with an integral over the bosonic body of the worldvolume superspace 
W r( P +i|n/2) ) which ig defined by fj q = and is denoted by W^ p+1 \ and 
with the Lagrangian form E^ p+1 "> — pB p+ \ constructed from superfields 
(57) pulled back to the surface W^ p+1 ^ in the worldvolume superspace, i.e. 
from 

z M = z M &m), v=v&m) => «6° = «6°«,^(0) . (59) 

E a :=E b -(Z(t,r,m<(t,m)- (60) 
To resume, the generalized action functional is given by 
S P =J (E^-pB p+1 ):= J (E^-pB p+1 )\ v=m , (61) 

W p+i W+ 1 

where hat (") implies pull-back to the worldvolume superspace, and also 
(spinor) moving frame variables are superfields, as in (57). Thus the original 
moving frame action (54) is a particular case of the generalized action for 
W p+1 = W p+1 , i.e. for fj q (x) = 0. 

The set of equations of motion for this generalized action functional 
includes a counterpart of (8), but for the superfields pulled back to W p+1 , 

&:=E^Z(Z,r){®))u k %r)(Q)=0, (62) 

and also the dynamical equations of motion (42), (43) but for the superfields 
pulled back to W p+1 . 
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Now the structure of the Lagrangian form guaranties that the action 
functional is independent on the choice of the surface W p+1 . The arbitrary 
changes of this surface, which are described by arbitrary variations of the 
fermionic functions 5i) q (£) are the gauge symmetry of the generalized action 
functional (61). More details on this symmetry can be found in 18 as well as 
in very recent 26 which uses a 'bottom-up' version of the generalized action 
principle proposed in. 40 The consequence of this symmetry 'parametrized' 
by arbitrary (foj 9 (£)'s is that equations of motion, including (62) are valid 
on an arbitrary surface W p+1 in the worldvolume superspace W(p +1 I™/ 2 ). 
As the set of such surfaces 'covers' the whole superspace W( p+1 \ n / 2 \ it is 
natural to assume that the equations are valid in the whole superspace. This 
implies, in particular, lifting of Eq. (62) to the superembedding equation 
in its form of Eq. (6), 

&=&{Z(S,ri))u k i (t,r))=0. (63) 

This last stage, namely the lifting of the equations valid on an arbitrary 
surface in superspace to equations on the superspace, is the essence of the 
rheonomic principle of the group manifold approach to supergravity. 29 ' 51 

Notice that such a rheonomic lifting does not follow from the action 
variation, but rather constitutes an additional stage in the procedure of 
the generalized action principle, which should be made separately after 
varying the generalized action functional. In particular, the lifted equations 
written in terms of complete superficlds (not pulled back to M p+1 ) should 
be checked on consistency, and the consistency is not guaranteed. It have 
to be checked case by case, see 15 for an example when the consistency does 
not hold. 

The study of the sclfconsistency condition for superembedding equation 
(63) can actually be used to derive equations of motion for D=10 type 
superstrings, D=ll supcrmcmbranes 16 as well as for M5-brane 42 and D=10 
super-Dp-branes 41 for p < 5. 28 In the next section we will show explicitly 
how this happens in the case of superstring in general curved type IIB 
supergravity superspace. 

3. Superembedding approach to D — 10 Green Schwarz su- 
perstring in type IIB supergravity background. 

To discuss the superembedding approach to superstring in a general type 
IIB supergravity background, we need firstly to discuss the specific features 
of the stringy spinor moving frame formalism. 
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3.1. Spinor moving frame action for super string 

The special properties of the stringy (spinor) moving frame variables, i.e. 
of the so l^iy^sQ (b-2) harmonics used to describe the D dimensional su- 
perstring, comes from the fact that the two dimensional 50(1, 1) pseudo 
rotations of the vectors u° = (vP a , uf) (where the symbol # is used for 
(D — l)-the direction) is reducible and can be split onto the scaling of two 
light-like vectors u+ + := + and u m ~ := — u# (the self-dual and 
anti-selfdual 2-vectors) by mutually inverse factors, i— > e ±2a u^ l ± . The 
constraints on the stringy moving frame variables (vector harmonics) 

U® = («--, u+ + X) G SO(l,9) (64) 
read (cf. (10), (11)) 

u++u±++ = , 

U T r,U = r, { u -- u <k++ = 2 , u^ ± u^ i = , (65) 




and also imply 

Ur]U T = r] r5/ = + - (66) 

Then, induced worldvolumc supcrviclbcin (55) are 

E++ := , E~ := (67) 

and the spinor moving frame action for superstring reads (see 6 ) 

Sub = l f E++AE—-[ B 2 , (68) 
* Jw 2 Jw 2 

or, using the auxiliary worldvolume vielbein forms e ±± (see 19 ), as 

Sub = \ J W 2 (e++ A E" - e~ A E++ - e++ A e~) - B 2 . (69) 

Indeed, <5e ±=t equations of motion express them through E ±i: of (67), 

e ±± = £±± : = £2- u ±± . (70) 

Substituting the algebraic equations (70) back to the first order action (69) 
one arrives at the second order action (68). 

As we discussed in Sec. 2.5, the above spinor moving frame action can 
be used to construct the generalized action. 18 This is given by formally 
the same functional (68) (or (69)) with the fields on W 2 replaced by the 
superficlds and integration performed about an arbitrary surface W 2 in 
the worldshcet superspace W^ 8+8 \ The generalized action principle for 
superstring produces in particular, the superembedding equation (6). 18 
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3.2. Stringy so^^go^) spinorial harmonics 

The D=10 stringy spinor harmonics are collected in Spin(l,9) matrix 

V™ = (v a + ,v a T) G Spin(l,9). (71) 

The specific of string lays in that the spinor representation of 5*0(1, 1) is 
one dimensional and is described by sign indices + and ~ of and v a f . 
For our D=10 case q and q are the s- and c-spinorial indices of 5*0(8). 

In the dynamical system with 50(1, 1) <8> SO (8) symmetry, like our 
superstring described by the action (69) or (68), the harmonics are homo- 
geneous coordinates of the coset sofi l i)®sb(8) ' 

o-i») = («,.,;)) = sSr^m- ,72) 

The requirement for the matrix V to belong to Spin(l,9) group (71) is 
imposed as the (reducible) constraint 

o*U®=V*&V T , (a) V T a k V = U^a {!k) , (b) (73) 

which express the Lorentz invariance of the D=10 sigma-matrices cr^, . 
These are symmetric, obey o-bb_ + cr-^b = and have Spin(l, 1) ®50(8) 
invariant representation with which the constraints (73a) can be split into 
the following set of relations 

u++a% = 2v+v + , u++a^ = 2v+ a v+ p , (74) 
«« -oZ = 2v.v r. , u-~a^ = 2V 7 V /? . ( 75 ) 



<<p = 2 < q <i v 0H ' <^ = - «i v V ■ ( 76 ) 

These imply, in particular, that the spinor harmonics v^ g ,v~^ can be 
treated as square roots from the light-like vectors u„ ~. 

The second relations in (74)-(76) are written for inverse harmonics 

V {a) p = {v~ p ,vf) G Spin(l,9). (77) 

In the case of D = 10 Majorana-Weyl spinor representation, with a = 
1, . . . , 16, these cannot be constructed from the 'original' spinorial harmon- 
ics (72) and are defined by the constraints 

V 7 t/<« - 5 (/3) — r« ° I (78) 

V) K 7 "(a) — I S P J [ ' 
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(like e.g. inverse metric in general relativity). Eq. (78) implies 

v p a v a + q =S Pq , v- a v- 4 =0, 

4 a < = °> v t° v <* = *M • (79) 

These relations can be used to factorize the projector and to get the irre- 
ducible form of the superstring K-symmetry. 19 They are also necessary to 
develop the superembedding approach to superstrings. 6 ' 16 
Finally, the split form of Eq. (73b) reads 

v+cPv+ = S qp u++ , vfa^vf = S 4 pu++ , (80) 

V q°~ V p = 5qp u aT > V q ^ V p = S qi> u a~ > (81) 

< d ^i = lU< > = -%i< ■ (82) 

3.3. Superembedding approach to D—10 superstring in type 
IIB supergravity background 

The starting point is the superembedding equation in its form of Eq. (6), 

E i ~mu k i (t,ri)=0. (83) 

This has to be completed by the set of conventional constraints which in- 
cludes (70) and the relations defining fermionic supervielbein forms 

e±± = £!±± : = , (84) 

e + " = E al v+ , e"« = £ a2 ^ . (85) 

The superembedding equation (83) and the above set of conventional 
constraints can be collected in the following expressions for the pull-back 
of the supervielbein of target type IIB superspace, 

:= l e ++ u~ fi + ^e— u ++a , (86) 
E al = e+% a + e ±± X - q ± v+ a , E a2 = e~*v+ a + e^x+'V" ■ (87) 

Actually, Eqs. (87) contain a bit more than just Eq. (85): it also states 
that E™pV aq ~ = and Ej*?v aq ~ = 0, and this excludes from consideration 
the case of Dl-branes (see 6 ' 17 ). 

3.3.1. Other conventional constraints 



To complete the set of conventional constraints, let us notice that we use 
the 50(1, 1) (g> 50(8) connection induced by embedding; this implies that 
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the complete SO(l, 9)® 50(1, 1)®50(8) covariant derivatives of the vector 
harmonics read 



{D?;++ — v l 
Du~- = u ^n— , a 2 * 

For the spinorial harmonics (72), (77) this connection gives 



(88) 



= |n++* 7 jp« a + , £< Q - -iJ2 ++i v Q ^ , (89) 

£>V - , = -In—* 7^+ Q . (90) 

The integrability conditions for Eqs. (88) give the curved superspace 
generalization of the Peterson-Codazzi, Gauss and Ricci equations of the 
classical XlX-th century surface theory. These read 



dfi<°> = -R^u++u^- + 7 fi— 1 A , (92) 



Dn ±±l = R ±±l := fiafeu^uj , (91) 

R ij = R^uyi - n—i* a , (93) 

where f2 ±±l are the generalized Cartan forms (see Sec. 2.2.2), 

f2 ±±< :=u ±± fi(d4 + o;„4«j) , (94) 

= i«- ((d+ui)M ++ )a is the 50(1, 1) connection (the induced 2d spin 
connection) and M y = dfl 1 ^ — il lk A £l k: > is the curvature of normal bundle 
with Q lJ — u-((d + w)u j )a} finally, w„- is the pull back of the D = 10 spin 
connection superform wj 1 = dZ M WM,a- and R— = (dw — w A w)—. 

3.3.2. Torsion constraints 

Below we will also need the type IIB torsion constraints, 

T- = -i£s. A Si-T^, := -iE al A E^af^ - iE a2 A E^a^ , (95) 
T al = -E al A E^V^e"* + \E x o^ A E 1 o^V/jie - * + 

+E± A £^Tpa al + \E± A E±Tab al , (96) 
T a2 = -E a2 A E^V^e"* + \ E 2 o?- A E 2 o^V/we - * + 

+E± A £^f>„« 2 + \E h - A ^Tab" 2 , (97) 

£*= ,£?«»), ff= -=;^J Bi IJg = *aff (a*, , a*,) . (98) 
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The fermionic torsions Tpa— — (Tpa al ,T/3a a2 ) can be read off from 
S^TjL = -\ (H b ^u^T S + a b Ji^iT 2 - aftfWn + kvbjL {b) iT2) A (99) 
= (it 3 ® <M)J- + ±£± £ (cr 6 ^( 2 "+ 1 ) ® t^t^JL . 

n=0 

Here t 3 ct^ = t 3 ® cr^, etc. and $( 2n+1 ) = ^^^y %...c 2n+1 cr^"^n+i "z 3 
where R ai ...a g _ 2 are the type IIB RR field strength. Notice that 

i? « 1 -« 9 _ 2n = (2 ( »+i)! e oi-o 9 -2n*i-6 2 „ + i- R ~ 1 " ~ 2n+1 ' which describe s, in par- 
ticular, the self-duality of the 5-form field strength. 

3.3.3. Superstring equations of motion from superembedding 

The selfconsistency conditions for the superembedding equations is included 
in the integrability condition of Eqs. (86), 

fa = -iE al A E^a% - iE a2 A E^ 2 a% = 

= l -De ++ u— + ±De—u++ + ^<(e++ A fi~ 1 + e~ A tt++ 4 ) . (100) 

Using (87) one finds, after some algebra, that the contraction of Eq. (100) 
with the light like vectors determine the worldvolume bosonic torsion, 

De + = -2ie +q A e +q - 4ie ++ A e""x+«X+! , (101) 

De~ = -2ie~ q A e~ q - 4ie ++ A e~ \~lx~A , (102) 

while the contraction with u a l gives the restriction for the covariant Cartan 
forms (94), 

e ++ A ft"* + e~~ A = -Ai^\ -e^ A e +q x~l - A e~ q X + ± q ± • (103) 

To proceed further one needs to study the consistency (intergability) of 
the fermionic conventional constraints (87) which read 

f al = De +q v~ a + e +q A Dv~ a + L»e ±± x7>+" + e ±± A D X ~ q vf a + 

q q /v ±± <J /v ±± Q 

+e ±± A X - q ± Dv+ a , (104) 

f a2 = De- q v+ a + e~ q A Dvf a + De ±± xHv- a + e ±i: A £>X+?vA Q + 

+e ±± A X t q ± Dv q ~ a . (105) 

The right hand side of these equations can be specified by using Eqs. (89), 
(90). To specify the l.h.s.'s we need the explicit form of the fermionic torsion 
constraints for the type IIB superspace, Eqs. (96), (97). 



April 30, 2009 20:12 World Scientific Review Volume - 9in x 6in WKummeVolume-lgorBandos-contibutionV3 



21 



Contracting (104) with t> Q + and (105) with v a ^ one finds the fermionic 
torsion of the worldvolume superspace. These read 

De +9 = _ e +f A e +v' ( S * v -P _ §pplV - )D^=*+ oc , (106) 

De-* = -e-P A e~*' (Sjv+f - 8 pp ,v+ P )D^=*+ oc e ±± , (107) 

where oc e ±=t denotes the contributions from forms containing bosonic 
worldvolume supervielbein, which we will not need in this section. 
Contracting (104) with v a ^ one arrives at 

= -le + * A e+itt- + -*f p)4 - 2ie + * A e^ X+ ^ \e+« A e^JTT^j. - 

-2ie _ * A e^x_ J«+ oc e ±± . (108) 

The similar equation with e +q e -9 , ± <-> =p appears when contracting 
(105) with v + . An immediate consequence of these equations are 



0, := + = , (109) 



£Tt* = , ^ = . (110) 



Eqs. (109) are the equations of motion for the fermionic degrees of freedom 
of superstring. A simple way to be convinced in this is to observe that the 
linearized version of (109) can be written in the form similar to the light- 
cone gauge fermionic equations of the Green-Schwarz superstring, which 
define its 16 fermionic degrees of freedom as two chiral, namely one right- 
moving and one left-moving, 8 component fermions, 

5-6^ = 0, eT\^ v ):=e al v a T , (in) 
a ++ e+ 2 = o, e+ 2 ^, v ):=e a2 v a + . (112) 

The above G)^ 1 , correspond to the light-cone gauge fermionic fields, 
but defined with the use of moving frame determined by the harmonics. 
The other half of the fermionic fields, 6+ 1 := 6 al v a + and Or 2 ~ § a2 v a T 
can be identified with the the fermionic coordinates of W^ 8+8 \ 

&t 1 (Z,ri)=V +q , ef(^,v)=V- 4 - (113) 

These superfield relations imply 6+ 1 (^, 0) = 0, 0^ 2 (£,O) = 0, and these 
equations give a covariant version of the conditions which might be fixed 
using the K-symmetry of the standard Green-Schwarz action. 
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3.3.4. Bosonic equations of motion and on-shell superembedding of 
the worldvolume superspace 

The fcrmionic equations of motion (109) simplify the expressions (87) for 
the pull-back of fermionic supervielbein forms, making them chiral, 

E al = e+% a + e ++ x;>+" , E a2 = e~ q v+ a + e~ X + _l V" . ( 114 ) 

which means, in particular, left- and right-moving, but also containing the 
corresponding half of the fermionic coordinates. The bosonic worldsheet 
torsion (101), (102) and Eq. (103) also simplify, 

De ++ = -2ie +q A e +q , De~~ = -2ie~ q A e~ q , (115) 

and Eq. (103) determines the generalized Cartan forms to be 

fl"' = -Ue+^l^t + e+ X+ * + e " Ri > ( 116 ) 
rf + * = -4ie- q X + q f q4 + e ++ iT + e"ft**' . (117) 

Using the conventional constraints (70), one can write the mean curvature 
= Q*** := K l in the form 

K* := -2D—E%. + u[ = -2D++Ez_ uj . (118) 

Its linearized version reads K l — OX 1 , where X 1 = x^u 1 ^, so that one can 
expect the bosonic equations of motion to appear in the form of conditions 
for K\ 

This is indeed the case. The bosonic equations of motion appears 
as oc e~~ A e +q component of Eq. (108). First one obtains K l j^ = 
-\u^ ++ Ha h£ v- a o-^J i v pi . Then, using Eqs. (81), (82), one finds that 
v q a(T ~a tiv f3q = 7gq( u ~ u ~ - u ~ U ~ L ) an d arrives at 

K l = \ H— ++ ' , H— ++ 4 := HabcU^—u^+u^ , (119) 

Thus we have completed the derivation of superstring equations of mo- 
tion from the superembedding equations. 

4. Superembedding description of AdS superstring 

4.1. AdS superspace AdSS^ 5 ^ 32 ^ as the solution of type IIB 
supergravity consraints 

The AdS superspace denoted by AdSS^^ 32 ^ (see 39 ) is the D=10 type IIB 
superspace the bosonic body of which is AdS§ x S 5 . This is given by a 
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solution of the type IIB supergravity constraints (95), (96), (97) with all 
but five form fluxes equal to zero, this is to say 

H « M = . R ^a 2 a 3 = , C = = $ . (120) 

The nonvanishing five form flux is characterized by a selfdual constant 
tensor 

fOia 2 «3«4«5 = -L fSLx^a^a^c^c^ f (121) 

^Ol02«3«4«5 = . (122) 

The torsion and curvature two-forms of the AdSS^ 5 ' 5 ^ superspace are 
expressed through this constant tensor and rr-matrices by (see 10 ' 47 ) 

T- = -i£ A (Kg) (fi)E = -i (E al A E S1 + £^ 2 A E S2 ) a% , (123) 

= -^2^- A E b - - |^ A £ s -(iT 2 ® a £i e 2 c 3 )M/— 1& - 3 ■ 

= -^2^" A M + A S^ 1 /— 1 - 2 - 3 ^ 1 c 2 c 3 ^ • (125) 

To complete the definition of the AdSS^ 5 -^ 32 ' 1 superspace we should add 
that, in a suitable frame one can split the set of bosonic supervielbein forms 
as E± = (E & , E l ) , with a = 0, 1, . . . , 4 and i = 1, . . . , 5 and find that the 
constant self-dual tensor (121) should have the form 

fa 1 ...a 5 — £a 1 ...d 5 , /»i...» B = > (1^6) 

with all other components vanishing. Then a = 0, 1, ... ,4 is identified as 
the vector index of the 5d space tangent to AdSs , and i = 1 , . . . , 5 - as the 
vector index of the space tangent to S 5 . The constant R in (124), (125) 
defines the radius of AdS§ or S 5 (these radii are equal). 

Now the superembedding description of the AdS superstring can be 
obtained by specializing the equations describing superstring in general 
supergravity background to a particular form of this background given by 
Eqs. (123), (124), (125), (121), (122). But before turning to this, we 
describe some properties of constant selfdual tensor f^i^s^SnS^ ■— jM = 
^e' 5 " 5 '/[5'j as they are seen in stringy spinor moving frame. 
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4.2. Constant five form flux in stringy moving frame 

Below we will mainly use a seemingly SO(l,9) covariant description by Eqs. 
(123), (124), (125) and (121), (122) so that a big part of our results are 
applicable for superstring in a generic constant 5-form flux background. 

Although the distinction between self-duality and anti-self duality is 
conventional, the selfduality of the constant flux (121) is singled out by that 
we use the sigma-matrix representation with self-dual erj^ := ^^-2-3^4^5 
(which implies anti-sclfdual afi := ^AUs^s «/3), 

J5] _ i e [5][5'] -[5] a/3 _ _J_ [5][5']-a/3 (m] 

a(i ~ 5! [ 1 a! ' ~ 5! I 5 ']' ^ > 

It is convenient to introduce the spinor moving frame components of the 
constant selfdual tensor (which are not obliged to be constant but rather 
depend on the coordinate of the superstring worldsheet superspace) , 

fijk ._ f— ++Mi 2 i 3 = jc 1 c 2 c 3 c 4 c 5u -- u ++ u u u i 2 ^3 ) 



•I "'C 1 "Cg ""Cg 1 

yr±±il»2*3*4 = yc 1 C 2 C 3 ^C 5u ±± w il u g u ^ u U _ ( 12 8) 

The self-dulaity equation (121) implies 

^•ijfc ._ j \-+ijk _ i.^ijkhhhhls jhlihUh 

r++ijkl 1_ ijkli' j' k'l' f++ i' j' k' l' 

J — 4! fc ./ 1 

j ijkl _ l_ e ijkli'j'k'l'j i'j'k'V (129) 

Now one can prove that, as a consequence of (121) and of the properties 
(80), (81), (11) of stringy harmonics, the following identities hold 

/— ^(v-vgbcdr = , f ++ ^(vfaabcd) a = , (130) 

where 

j±±b 1 b 2 b 3 b i _ u ±± jab^b^ _ (131) 

Notice by pass that tensors / ±± hht^ characterize the movement of super- 
string. For instance, when superstring moves in the AdS part of superspace 
and is frozen to a point on S 5 , one can chose the frame in such a way that 
=6a e uf ± and, then /±±^2<b<L, = u ±± e hh ^~ b3 ' b * 8 hi ^5 h ^5~ b3 ^8- bi ^ . 

To prove (130), we observe that (121) and (127) imply /[ 5 ]0^ = (but 
/[5]^ [5] a/3 ^ 0) which implies f^a b _^ p a = ±a^f [5] a^ ^. Multiplying 
this by u~~v~@ and u+ + w^' 3 one finds that (130) holds due to the identities 
u~~ ~(v~ "u-) 7 = and u^ + (v^a-) y — 0, respectively. 



April 30, 2009 20:12 World Scientific Review Volume - 9in x 6in WKummeVolume-lgorBandos-contit>LitionV3 



25 

Nitice that in such a way we cannot prove 

f——^abcdv7) a = 0, f ++ ^(a sM v+) a =0. (132) 

To show that these are true, let us observe first that, due to (130), we need 
only to prove the vanishing of their contractions with, respectively, v^ a and 
u^ a . For these one finds that 

f — abcd {v + a ^ v - } = f --i M ^MU = j 

f ++ ^(v-*ab s tU+) = f++™i^nisU = , (133) 

where the last equalities follow from (128), (129) and the anti-self duality 
(self-duality) of 7^3*4 (yi^u^ 

-ijkl _ _ 1_ Ajkli'j'k'l' zi i kl ~ijkl _ iJLJjkli'j'k'l'i'j'k'l' flQ/A 

Iqp 4! e Iqp > Iqp ~ ^ 4<. hp ^ ±d4 V 

which correspond to the duality properties (127) of the 10D a matrices. 
To conclude, the only nonvanishing contribution to the expressions 

f-^(vfa^vj) = f++^( v - a ^ v -) = 4 /« fe 7 f . (135) 

4.3. Worldsheet superspace geometry of the superstring in 
AdS superspace 

The pull-backs of the AdS supervielbein on the worldsheet superspace have 
the form of (86) and (114), 

E± = \e++u— a + \e— u++z , (136) 
E al = e+iv- a + e+ + X +iv+ a , E a2 = e~^vf a + e~%+«t;- Q . (137) 

As far as the H 3 flux in AdS superspace is equal to zero, Eq. (120), the 
string equations of motion (119) read 

K* = , (138) 

so that the generalized Cartan form, which provide the supersymmetric gen- 
eralization of the second fundamental form for the AdS superstring world- 
volume superspace, are given by Eqs. (116), (117) 

H"' = -4ie+«( 7 X" + ) 9 + e+ X7 > 

rt ++t = -4ie-9(x+_7 l )q + e~n + _ + _ l . (139) 
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The worldvolume superspace torsion forms read (see Eqs. (115), (107)) 

De + = —2ie +q A e +q , De = —2ie~ q A e~ q , (140) 
De +q = -e++ A e~* (2i( X - + l% {^ X+ +) q + 1 f ijk lf) + 

+i e++ A e—n++ i ( 7 i X++ -) q , (141) 
De- q = -lie— A e+P {2i(Y X+ +) P ( X __ + Y) q + | f ijk lf) ~ 

-\e++ Ae-U^\ X _+ 1 % (142) 

To obtain these expressions the identities (130) have to be used; they are 
also needed to find that Z?__x++7 = D-p X++ ~^ = and D ++ x__+ = 
D+ pX --q = which can be summarized by 

Dx ++ i = -¥ +q %^++ 1 + e++D ++X++ T , (143) 
D X —t = -^- p %4 n -- 1 + e—D—X—t ■ (144) 

The pull-back of the Ricmann curvature two form of the AdSS super- 
space to the worldvolume superspace reads 

Rsti = -i e ++ A e~ (jjju—^ A u$++ + If f^ k ( X ±j 1: > k X+ +)) - 

e — A e +9 /~ M i( yj x _+_ )q + 24, e ++ A e -4 f++<Mj ^ij x+ - ) . _ 

-| e +9 Ae -9/^ 7 ^. (U5) 

In its derivation we have used the following consequences of the properties 
(74), (75), (76) of spinor moving frame variables (71) 

f^v-a [3 v~ = -3/~^ 7 « f^vfa [3 vf = -3/++^7« , 

/^>[3]< = /^'Sf • (146) 

Substituting Eqs. (145) and (139) into Gauss and Ricci equations (92) 
and (93), one finds the following expressions for the 2d Ricmann curvature 
two form 

dn(°> = e++ A e— + %f ijk (X-±T ijk X++)) + 

+ie— A e+m++ i { 1 i x+ + ) q -ie++A e~ q n++ l ( X++ y) q + 

+e +q A e- q (4( 7 4 X + +) 9 (x++7 1 )^ + f Z^'Sf ) (147) 
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and for the curvature of the normal bundle 

R ij = e ++ A e — (ft _ |^fcife 2 fc3( x _+ 7 feifc2fe3 X+ - + 

+4ie-Ae+« (q_ + _ +[ V ] X + +) 9 - |/~ ij ' w (7 W X-t) g ) - 

-4i e++ A e-* (^(x^' 1 )* + (7 feZ X + +)«) + 

-8 e +«A e ^(2( 7 [ 4 X+ +) 9 ( X+ + 7 ^)^ + i.f^^ fe 3 7 feife2fc3^ _ (148) 

The Peterson-Codazzi equations (91) for superstring in AdS$ x S 5 super- 
space read 

DQ— 1 = R-~ i = -|e++ A e—f— ijkl (x- + -7 jkl X++) - (149) 
_24i e ++ A e -q pJ k (^ k x+ - + )- - | e +« A e"« /— ijfe Sgf > 

= = -7fe++ A e— /++^ fez (x_t7 J '' £ 'x++) - (150) 

-2£e~ A e+9 fi k (^ k x- + -) g - |e+« A e"« f ++ijkl ^ 1 . 

These do not give us new information after Eqs. (143) and (144) are taken 
into account. 

Thus we have completed the construction of superembcdding approach 
description of the superstring in AdSS^ 5 '^ 32 ^ superspace. 

5. Conclusion 

In this contribution we have presented a brief review of spinor moving frame 
formulation, generalized action principle and superembcdding approach to 
super-p-branes and (in Sec. 3) have elaborated in detail the superembed- 
ding approach to superstring in general type IIB supergravity background. 
On this basis we have given (in Sec. 4) the complete superembcdding de- 
scription of superstring in AdS$ x S 5 superspace. To our best knowledge, 
such a description of AdS superstring has not been developed before and 
we hope that it will be helpful in searching for new exact solutions of the 
AdS superstring equations which, in its turn, might be useful for further 
study and applications of the AdS/CFT correspondence. 
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